Abstract: It is proved that a general non-differentiable skew convolution semigroup associated with a strongly continuous semigroup of linear operators on a real separable Hilbert space can be extended to a differentiable one on the entrance space of the linear semigroup. A càdlàg strong Markov process on an enlargement of the entrance space is constructed from which we obtain a realization of the corresponding Ornstein-Uhlenbeck process. Some explicit characterizations of the entrance spaces for special linear semigroups are given.
Introduction
Suppose that (S, +) is a Hausdorff topological semigroup and (Q t ) t≥0 is a transition semigroup on S satisfying
where " * " denotes the convolution operation. A family of probability measures (µ t ) t≥0 on S is called a skew convolution semigroup (SC-semigroup) associated with (Q t ) t≥0 if it satisfies µ r+t = (µ r Q t ) * µ t , r, t ≥ 0. defines another transition semigroup (Q µ t ) t≥0 on S. (Note that (1.1) implies (µ * ν)Q t = (µQ t ) * (νQ t ) for probability measures µ and ν on S.) This fact was first observed in [5, 6] when S = M (E) is the space of all finite Borel measures on a metrizable space E; see also [8, Theorem 2.1] . In that case, (Q t ) t≥0 corresponds to a measure-valued branching process and (Q µ t ) t≥0 corresponds to an immigration process. In this work, we shall consider the formulation in another special situation, where S = H is a real separable Hilbert space and Q t (x, ·) ≡ δ Ttx for a strongly continuous semigroup of bounded linear operators (T t ) t≥0 on H. In this case, we can rewrite (1.2) as µ r+t = (T t µ r ) * µ t , r, t ≥ 0, (1.4) and the transition semigroup (Q µ t ) t≥0 is given by
f (T t x + y)µ t (dy), x ∈ H, f ∈ B(H), (1.5) where B(H) denotes the totality of bounded Borel measurable functions on H. The semigroup (Q µ t ) t≥0 defined by (1.5) is called a generalized Mehler semigroup associated with (T t ) t≥0 , which corresponds to a generalized Ornstein-Uhlenbeck process (OU-process). This definition of the generalized Mehler semigroup was given by Bogachev et al [1] . They also gave a characterization for the SC-semigroup (µ t ) t≥0 under the assumption that the function t →μ t (a) is differentiable at t = 0, whereμ t (a) denotes the characteristic functional of µ t . It is known that for a general SC-semigroup (µ t ) t≥0 defined by (1.4) the function t →μ t (a) is not necessarily differentiable at t = 0; see e.g. [?, 11, 12] . A simple and nice necessary and sufficient condition for an SCsemigroup to be differentiable was given in [11] in the setting of cylindrical probability measures. In [1] it was shown that a differentiable cylindrical Gaussian SC-semigroup can be extended into a real Gaussian SC-semigroup in an enlargement of H and the corresponding OU-process was constructed as the strong solution to a stochastic differential equation. Those results were extended to the general non-Gaussian case in [4] . A characterization for general SC-semigroups (µ t ) t≥0 was given in [?] , where it was also observed that the OU-processes corresponding to a non-differentiable SC-semigroup usually have no right continuous realizations. This property is similar to that of the immigration processes studied in [6, 7, 8] and represents a departure from the theory of well-studied classes of OU-processes in [1, 4] .
The main purpose of this paper is to study the construction of OU-processes corresponding to non-differentiable SC-semigroups. We shall see that, under a moment assumption, a general SCsemigroup can be decomposed as the convolution of a centered SC-semigroup and a degenerate one. For this reason, we shall only consider centered SC-semigroups. In section 2, we derive from the results of Dawson et al [?] that each centered SC-semigroup is uniquely determined by an infinitely divisible probability measure on the entrance spaceH for the semigroup (T t ) t≥0 , which is an enlargement of H. In section 3, it is shown that a general non-differentiable centered SCsemigroup can always be extended to a differentiable one on the entrance spaceH. In section 4, we use a modification of the argument of Fuhrman and Röckner [4] to construct a càdlàg and strong Markov OU-process {X t : t ≥ 0} on a further extensionH ofH. We also show that, ifX 0 ∈ H, thenX t ∈ H almost surely for every t ≥ 0 and {1 H (X t )X t : t ≥ 0} is an OU-process with transition semigroup (Q µ t ) t≥0 defined by (1.5). Those results provide an approach to the study of non-differentiable generalized Mehler semigroups with which one can reduce some of their analysis to the existing framework of [1] and [4] . However, this approach should not convince the reader that non-differentiable generalized Mehler semigroups do not bear particular consideration on their own. In fact, there are some cases where the natural state space of the OU-process is H and the introduction ofH andH seems unnatural and artificial. For example, an OU-process on L 2 (0, ∞) with non-differentiable SC-semigroup represents the fluctuation density of a catalytic branching processes with immigration; see [?] . In this case, it is rather unnatural to takeL 2 (0, ∞) as the state space. We provide some explicit characterization for the non-negative elements ofL 2 (IR d ) andL 2 (0, ∞) in section 5. The explicit characterization for all elements ofL 2 (IR d ) andL 2 (0, ∞) seems much more sophisticated.
Non-differentiable semigroups
Suppose that H is a real separable Hilbert space with dual space H * and (T t ) t≥0 is a strongly continuous semigroup of linear operators on H with dual (T * t ) t≥0 . Let (µ t ) t≥0 be an SC-semigroup defined by (1.4) satisfying the moment condition
where H • = H \ {0}. Then we may define an H-valued path (b t ) t≥0 by Bochner integrals
and define µ c t = δ −bt * µ t . It is easy to check that both (δ bt ) t≥0 and (µ c t ) t≥0 are SC-semigroups associated with (T t ) t≥0 and µ t = µ c t * δ bt . That is, under the moment assumption, a general SCsemigroup can be decomposed as the convolution of a centered SC-semigroup and a degenerate one. For this reason, we shall only discuss centered SC-semigroups in the sequel.
Since (T t ) t≥0 is strongly continuous, there are constants c 0 ≥ 0 and b 0 ≥ 0 such that T t ≤ c 0 e b 0 t . Let (U α ) α>b 0 denote the resolvent of (T t ) t≥0 and let A denote its generator with domain D(A) = U α H ⊂ H. An H-valued pathx = {x(s) : s > 0} is called an entrance path for the semigroup (T t ) t≥0 if it satisfiesx(r + t) = T tx (r) for all r, t > 0. Let E denote the set of all entrance paths for (T t ) t≥0 . We sayx ∈ E is closable if there is an elementx(0) ∈ H such thatx(s) = T sx (0) for all s > 0; and we say it is locally square integrable if
for some l > 0.
Lemma 2.1 For anyx ∈ E, (2.2) holds for some l > 0 if and only if it holds for all l > 0; and if and only if
Proof. Suppose that (2.2) holds for some l 0 > 0. Let l > 0 and let n ≥ 1 be an integer such
Thus (2.2) holds for all l > 0. On the other hand, for any b > b 0 ,
That is, (2.3) holds for all b > b 0 . The remaining assertions are obvious. 2
LetH denote the set of all locally square integrable entrance paths for (T t ) t≥0 . We shall call H the entrance space for (T t ) t≥0 . For any fixed b > b 0 , we may define an inner product onH by
Let · ∼ denote the norm induced by this inner product. The proof of the following result was suggested to us by W. Sun.
Proof. Suppose {x n } ⊂H is a Cauchy sequence under the norm · ∼ , that is,
Then the limitx(t) = lim n→∞xn (t) exists in H. Since T s is a continuous operator on H, for s > 0,
that is,x = {x(t) : t > 0} is an entrance path for (T t ) t≥0 . For ε > 0, choose large enough N ≥ 1 such that
for m, n ≥ N . By Fatou's lemma we get
It follows that
Proof.
as n → ∞. Thus J is a continuous embedding. For an arbitraryx ∈H we have
Observe that the first integral on the right hand side goes to zero as r → 0 + and for fixed r > 0 the second term goes to zero as t → 0 + . Then we have Jx(t) −x ∼ → 0 as t → 0, and JH is dense inH. Since H is separable, so isH. 2 Theorem 2.1 A family (µ t ) t≥0 of centered probability measures on H satisfying (2.1) is an SC-semigroup associated with (T t ) t≥0 if and only if its characteristic functionals are given bŷ
where (ν s ) s>0 is a family of centered infinitely divisible probability measures on H satisfying ν r+t = T t ν r for all r, t > 0 and
and logν s (·) denotes the unique continuous function on H * with logν
Proof. It is well-known that the second moment of a centered infinitely divisible probability measure only involves the Gaussian covariance operator and the Lévy measure. If the centered probability measures (µ t ) t≥0 and (ν s ) s>0 are related by (2.5), the Gaussian covariance operators and Lévy measures of (µ t ) t≥0 can be represented as integrals of those of (ν s ) s>0 . This observation yields that
Let {e n : n = 1, 2, . . .} be an orthonormal basis of H = H * . Applying the above equation to each e n and taking the summation we see
Thus conditions (2.1) and (2.6) are equivalent for the probability measures (µ t ) t≥0 and (ν s ) s>0 related by (2.5). Suppose (µ t ) t≥0 is given by (2.5) with the centered infinitely divisible probabilities (ν s ) s>0 satisfying ν r+t = T t ν r for all r, t > 0. 
where ψ s (·) denotes the unique continuous function on H * with ψ s (0) = 0 and
where λ 0 is a centered infinitely divisible probability measure onH satisfying
Proof. Let (ν s ) s>0 be given as in Theorem 2.1. In the terminology of Markov processes, (ν s ) s>0 is a probability entrance law for the Markov process {T t x : t ≥ 0} with deterministic motion. Let E 0 = H (0,∞) be the totality of paths {w(t) : t > 0} from (0, ∞) to H. We endow E 0 with the σ-algebra E 0 generated by the maps w → w(s), s > 0. By Kolmogorov's existence theorem, there is a unique probability measure λ 0 on E 0 so that {w(t) : t > 0} under λ 0 is a Markov process with the same transition semigroup as the process {T t x : t ≥ 0} and ν s is the image of λ 0 under w → w(s); see e.g. Sharpe [13, p.6] . Because of the special deterministic motion mechanism of {T t x : t ≥ 0} we may assume that λ 0 is supported by the entrance paths E. Let E 0 (E) and E 0 (H) denote respectively the traces of E 0 on E andH. Since w → w(s) 2 is clearly a non-negative E 0 (E)-measurable function on E,
is an E 0 (E)-measurable function on E taking values in [0, ∞]. It is also easy to check that E 0 (H) coincides with the Borel σ-algebra B(H) induced by the norm · ∼ . Since (ν s ) s>0 satisfies (2.6), we have
so λ 0 is supported byH and (2.10) holds. The infinite divisibility of λ 0 follows immediately from that of ν s . 2
Differentiable extensions
For a general SC-semigroup given by Theorem 2.2, the function t →μ t (a) is not necessarily differentiable at t = 0. However, if ν 0 is a centered infinitely divisible probability measure on H satisfying
defines a centered SC-semigroup (µ t ) t≥0 such that t →μ t (a) is differentiable at t = 0 for all a ∈ H * . In the sequel, we shall call (µ t ) t≥0 a differentiable SC-semigroup if it is given by (3.2). We shall discuss how to extend a general SC-semigroup on H to a differentiable one on the entrance spaceH. For any strongly continuous linear semigroup (T t ) t≥0 on H,
defines a semigroup of linear operators (T t ) t≥0 onH. Since
we have T t ∼ ≤ T t . Let (Ũ α ) α>b 0 denote the resolvent of (T t ) t≥0 and letÃ denote its generator with domain D(Ã) =Ũ αH ⊂H.
Lemma 3.1 Let J be defined as in Lemma 2.3. Then JT t x =T t Jx for all t ≥ 0 and x ∈ H and (T t ) t≥0 is a strongly continuous semigroup of linear operators onH.
Proof. For t ≥ 0 and x ∈ H we have
giving the first assertion. By the proof of Lemma 2.3, T tx −x ∼ = Jx(t) −x ∼ → 0 as t → 0, that is, (T t ) t≥0 is strongly continuous. 2 Lemma 3.2 We haveŨ αx = {U αx (s) : s > 0} andÃŨ αx = {AU α x(s) : s > 0} for allx ∈H.
Proof. The first assertion follows as we observe that
and the second follows from the equalityÃŨ αx = αŨ αx −x. 2 Theorem 3.1 All centered SC-semigroups associated with (T t ) t≥0 satisfying (2.1) are differentiable if and only if all its locally square integrable entrance paths are closable.
Proof. Suppose that all entrance pathsx ∈H are closable and (µ t ) t≥0 is an SC-semigroup given by (2.8). To eachx ∈H there corresponds somex(0) ∈ H such thatx(s) = T sx (0) for all s > 0. This element is apparently determined byx uniquely. Letting ν 0 be the image of λ 0 under the mapx →x(0) we get (3.2). Conversely, ifx = {x(s) : s > 0} ∈H is not closable, thenμ
defines a non-differentiable SC-semigroup. 2 Theorem 3.2 All entrance paths for (T t ) t≥0 are closable.
Proof. Suppose thatx = {x(u) : u > 0} is an entrance path for (T t ) t≥0 , where each x(u) = {x(u, s) : s > 0} ∈H is an entrance path for (T t ) t≥0 . Then we get {x(u, r + s) : s > 0} = (T rx )(u) =x(r + u) = {x(r + u, s) : s > 0}, (3.4) where the first equality follows from (3.3) and the second one holds sincex is an entrance path for (T t ) t≥0 . Settingx(0) = {x(s/2, s/2) : s > 0} we havẽ
where the first equality follows from (3.3) and the second one holds by (3.4). ThusT ux (0) =x(u), that is,x = {x(u) : u > 0} is closed byx(0). 2
For the infinitely divisible probability measure λ 0 onH given by Theorem 2.2 we havê
for a functionalψ 0 onH * with representatioñ
where R is a nuclear operator onH and x 2 ∼M (dx) is a finite measure onH • :=H \ {0}; see e.g. [10] . Theorem 3.3 Let (µ t ) t≥0 be a centered SC-semigroup given by (2.8) and letμ t = Jµ t . Then (μ t ) t≥0 is a differentiable centered SC-semigroup associated with (T t ) t≥0 and
Proof. By Lemma 2.3, J : H →H is an embedding. Thus (μ t ) t≥0 is an SC-semigroup associated with (T t ) t≥0 . Since (T t ) t≥0 is a strongly continuous semigroup, for anyã = {ã(s) : s > 0} ∈H we have by dominated convergence
It follows that
Recall from the proof of Theorem 2.2 that ν s is the image of λ 0 underx →x(s). ThenT s λ 0 = Jν s and (3.8) follows from (3.9) and (3.6). 2 Theorem 3.4 Let (μ t ) t≥0 be a centered SC-semigroup associated with (T t ) t≥0 satisfying
Then there is a centered SC-semigroup (µ t ) t≥0 associated with (T t ) t≥0 satisfying (2.1) and µ t = Jµ t for each t ≥ 0.
Proof. By Theorems 3.1 and 3.2, (μ t ) t≥0 is differentiable, so it has the expression (3.8) for an infinitely divisible probability λ 0 onH defined by (3.6). Then we get (µ t ) t≥0 by Theorem 2.2, which clearly satisfies the requirements. 2 By Theorems 3.3 and 3.4, centered SC-semigroups associated with (T t ) t≥0 and those associated with (T t ) t≥0 are in 1-1 correspondence. Therefore we may reduce some analysis of non-differentiable centered SC-semigroups to those of differentiable ones studied in [1, 4] .
Ornstein-Uhlenbeck processes
In this section, we discuss constructions of the OU-processes. By the results of the last section, a general centered SC-semigroup on H can be extended to a differentiable one on the entrance spaceH. Then by Fuhrman and Röckner [4, Theorem 5.3] , there is an extension E ofH on which a càdlàg realization of the corresponding OU-process can be constructed. In the sequel, we shall give a modification of the arguments of Fuhrman and Röckner [4] which provides a smaller extension but still contains a càdlàg realization of the OU-process. Fix α > b 0 and define an inner product onH by
Let · − be the corresponding norm and letH be the completion ofH with respect to · − .
Lemma 4.1 Forx ∈H we have x − ≤ U α x ∼ , so the identity mapping I from (H, · ∼ ) to (H, · − ) is a continuous embedding.
Proof. By (2.4) and (4.1),
giving the desired estimate. 2
Note that the embedding of (H, · ∼ ) into (H, · − ) is not necessarily Hilbert-Schmidt, so our extension is different from the one used in [4] . Forx ∈H we have, by (4.1),
Then eachT t has a unique extension to a bounded linear operatorT t onH. Since the semigroup property and strong continuity of (T t ) t≥0 hold on the dense subspaceH ofH, they also hold on H, that is, the semigroup of linear operators (T t ) t≥0 extends (T t ) t≥0 . Let (Ū α ) α>b 0 denote the resolvent of (T t ) t≥0 and letĀ denote its generator with domain D(Ā) =Ū αH ⊂H. Then D(Ā) is a Hilbert space with inner product norm · Ā defined by
Consequently, the identity mapping
is a continuous embedding.
Proof. Suppose thatỹ ∈ D(Ã) ⊂ D(Ā).
Thenỹ =Ũ αx for somex ∈H. By (4.1) and Lemma 3.2,
Since D(Ã) is a dense subset of (H, · ∼ ), we haveH ⊂ D(Ā) by (4.2) and the above inequality remains true for allỹ ∈H. 2
Now suppose that (µ t ) t≥0 and (μ t ) t≥0 are the SC-semigroups described in Theorem 3.3. Let µ t be the unique probability measure onH whose restriction toH isμ t . Then (μ t ) t≥0 is an SC-semigroup associated with (T t ) t≥0 . By (3.8) ,
whereψ 0 (·) is defined by (3.6). Let (Qμ t ) t≥0 be the generalized Mehler semigroup defined by (1.5) from (T t ) t≥0 and (μ t ) t≥0 . By [4, Theorem 5.1], there is a càdlàgH-valued process {Ỹ t : t ≥ 0} withỸ 0 = 0 and with independent increments such thatỸ t −Ỹ r has distribution γ t−r witĥ
By the strong continuity of (T t ) t≥0 and Lemma 4.2, s →T t−sĀỸs is a right continuousH-valued function of s ∈ [0, t]. Then for any givenx ∈H we may define the càdlàgH-valued process {X t : t ≥ 0} byX
Lemma 4.3 TheH-valued random variableX t has distribution Qμ t (x, ·) for every t ≥ 0. In particular, ifx ∈ JH, thenX t ∈ JH a.s. for every t ≥ 0.
Proof. We first prove thatX
By the right continuity of s →T t−sĀỸs , we havē
In view of (3.7),ψ 0 (·) is uniformly continuous on any bounded subset ofH * . Observe also that
− : 0 ≤ t 1 , t 2 ≤ t and |t 2 − t 1 | < t/n , which goes to zero as n → ∞. Thus we have
has distribution Qμ t (0, ·). Therefore,X t has distribution Qμ t (x, ·). Ifx = Jx for some x ∈ H, thenT tx =T t Jx = JT t x ∈ JH by Lemma 3.1. Sinceμ t (·) is supported by JH, so is Qμ t (x, ·) and hence a.s.X t ∈ JH. 2 Theorem 4.1 The process {X t : t ≥ 0} defined by (4.6) is a càdlàg strong Markov process with transition semigroup (Qμ t ) t≥0 .
Proof. By the construction (4.6), {X t : t ≥ 0} is adapted to the filtration F t := σ({Ỹ s : 0 ≤ s ≤ t}). For r, t ≥ 0,
Since {Ỹ r+t −Ỹ r : t ≥ 0} given F r is a process with independent increments and has the same law as {Ỹ t : t ≥ 0}, Lemma 4.3 implies that
Thus {X t : t ≥ 0} is a Markov process with transition semigroup (Qμ t ) t≥0 . The strong Markov property holds since (Qμ t ) t≥0 is Feller. 2 Now letx = Jx for some x ∈ H. In this case,X t ∈ JH a.s. by Lemma 4.3. Recall that J : H → JH ⊂H ⊂H and let X t = 1 JH (X t )J −1 (X t ), where J −1 : JH → H denotes the inverse map of J. Then {X t : t ≥ 0} is an OU-process with transition semigroup (Q µ t ) t≥0 and X 0 = x. This gives a construction of the OU-process {X t : t ≥ 0} from the càdlàg strong Markov process {X t : t ≥ 0}. In general, {X t : t ≥ 0} does not have right continuous modification in H. A similar construction in the measure-valued setting has been used in [6] to prove the non-existence of right continuous realization of a general immigration process.
Brownian transition semigroups
We have seen that a general SC-semigroup on H can always be extended to a differentiable one in the entrance spaceH and a càdlàg realization of the corresponding OU-process can always be constructed in an extensionH ofH. In this section, we provided some explicit characterization for the non-negative elements ofL 2 (IR d ) andL 2 (0, ∞) constructed respectively from L 2 (IR d ) and L 2 (0, ∞). It seems that the explicit characterization for all elements ofL 2 (IR d ) andL 2 (0, ∞) is much more sophisticated.
We first consider the case where (T t ) t≥0 is the transition semigroup of the standard Brownian motion on
where | · | denote the Euclidean norm on IR d , and let S(IR d ) be the set of signed-measures µ on IR d with total variation measures µ satisfying
3) defines a non-negative entrance pathx for (T t ) t≥0 . Since When d = 1, we can give a necessary and sufficient condition for (5.2). Observe that for 0 < l ≤ 1 we have
and for l > 1 we have 
By

